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Abstract: A set-theoretic structure, the magic carpet, is defined and some of its combinatorial properties
explored. The magic carpet is a generdization and abstraction of labeled diagrams such as magic squares and
magic graphs, in which certain configurations of points on the diagram add to the same value. Some basic
definitions and theorems are presented as well as computer-generated enumerations of small non-isomorphic
magic carpets of various kinds.

| ntroduction

Inits most generd form, amagic car pet isacollection of k different subsets of a set Sof positive integers, where
the integersin each subset sum to the same magic constant m. In this paper we dwaystakeS={1, 2, 3, ... n},
and refer to amagic carpet on thisset asan (n, k)-car pet.

A (9,8)-carpet isshown in Figure 1, with each dement of S depicted as a point (Iabeed with the dement it
represents) and each subset of Sas aline connecting the points in that subset.

8 1 fi

4 g 2
Figure 1. A (9,8) magic carpet

Thisisjust an ordinary 3x3 magic square, with each row, column, and diagond having the same magic sum.
Indeed, the motivation for this study isto generaize the notion of a magic square to an arbitrary structure on the set
{1...n}, and to count and classify al non-isomorphic carpets on n points. By doing o, dl possible "diagrams' of
this type, in which points are labeled by { 1...n} and whose lines or circles or other geometric eements pass

lof 12 10/29/00 1:50 PM



Magic Carpets http://www.research.att.com/~njas/sequences/J S/\VV OL 3/K EI TH/carpet.html

20of 12

through points with the same sum, can be generated. By omitting labels, such adiagram turnsinto a puzzle whose
object isto determine the magic numbering. For example, the seven intersectionsin Figure 2 can be numbered
with { 1...7} such that the circle and each of the two dlipses sum to the same vdue. Can you verify that thisisa
(7,3) magic carpet by finding such anumbering? (The answer is given later, in Figure 4.)

-

Figure 2. A 7-point diagram that can be magically numbered.

A magic carpet isagenerdization of other structures which have gppeared in the literature, such as magic circles
[5], magic gars[3], and magic graphs[2].

Definitions

Denotethe subsetsof Sby S, ..., S,. Let lement i in Sbe included (“covered”) ¢, timesinthe union of dl the S.
Thethickness of acarpetist=min{c} anditsheight ish =max{c}. Sincet <= h, there are two cases: a
smooth carpet witht = h, or abumpy onewitht < h. Because of the anadogy with magic squares, holey car pets
witht = 0 are not very interesting, snce we would like each dement of Sto be covered at least once (or,
equivaently, for every number from 1 to n to be used in labeling the figure). In fact, amagic square hast = 2, so

we are a0 lessinterested in the thin carpetswitht = 1. Instead, we prefer to concentrate on plush car pets with
t>=2.

Let the subset S have e elements. Define the weave of a carpet to bew = min{ e} . Agan motivated by magic
squares, we note that |oose car petswithw = 1 are not asinteresting as tight oneswithw >= 2. If dl the e, are
equd (i.e, al subsets are the same sze) then the carpet is balanced.

Example: anr xr magic square, r >= 3 odd (with rows, columns, and two diagonds having the same magic sum),
isamagic capet withn =r2, k=2r +2,t=2, h=4and w =r. It is balanced but not smooth, sincet < h. Its
non-smoothness is due to the diagonals being covered three times and the centrd square four times, while the rest
are only covered twice. If the diagonds are omitted (so that we have a so-cdled semi-magic square) then it
becomes smooth. In either caseg, it isplush (Sncet = 2) aswdl astight (Sncew >= 2).

Define abasic magic carpet to be one that is both plush and tight. Two magic carpets are isomor phic if they are
equivalent under some permutation of the dements of S. (Of course, equdity of the collection of subsetsis made
without regard to order of the subsets.) The mativation for this definition is that two carpets which are equivdent
under a permutation of S correspond to two different magic numberings of the same "figure™; i.e,, we seek magic
carpets with the same basic gtructure. In other words, we wish to enumerate dl essentidly different
magic-numbering puzzles (blank diagrams), not dl distinct solutions (labeled diagrams).
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Results

The primary combinatorid problem isto determine B(n) or B(n,k), the number of non-isomorphic basic magic
carpets with given parameters. We aso denote by M(n,kt,h) the number of magic carpets (basic or not) of type
(n,k,t,h).

Theorem 1: B(n) =0forn< 5, B(5) =1, B(n) >= 1forn>= 6.

Proof: Thevduesfor n <=5 are easily obtained by direct enumeration. For n > 5, observe that any (n, k) magic
carpet can be extended to an (n+1, k) carpet by teking each §, adding 1 to each of its elements, then gppending

thedement "1".

The unique smallest basic magic carpet, with (n,k.t,h) = (5,3,2,2), can be drawn as shown in Figure 3. It is
smooth but not balanced.

Figure 3. The unique (5,3) basic magic carpet.

Theorem 2: M(n,k,t,h) = M(n,k,n-h,n-t).

Proof: From each (n,k,t,h) carpet, form another one by taking the complements of the §.

Two carpets which are rdated by complementation of the subsets are called duals. Note that if C' isthe dua of
carpet C that has magic constant m, then C' has magic constant T, - m, where T = n(n+1)/2, the nth triangular

number.

We now ask afundamentd question: for agiven n, which vaues of k admit a basic magic carpet? From the

definitionsitisclear that 2 <= k <= 2" - n - 1 (the later being the number of subsets with a least two dements);
however, the actud range of k is condderably smaler than this.

Theorem 3: Thereisabasic (n,k) magic carpet if and only if n >= 5 and 3 <= k <= g, where q isthe largest
coefficient in the polynomid

n
P(n) = TT (1+x)
i=1
Proof: See Theorem 1 for the proof that n >= 5 is necessary and sufficient. Obvioudy k cannot be 2, because

two digtinct subsets of {1...n} cannot cover al dementstwice. Thusk >= 3isnecessary. That k <=qis
necessay istrivia, since the coefficient of X! in P(n) is the number of distinct subsets of { 1...n} whose dements
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umtoj, and q is by definition the maximum coefficient.
We now show that 3 <= k <= q isaufficient.

Let dj (n) be the coefficient of Xinthe polynomid P(n) given above. Note that the sequence dj (n) issymmetric:
Let

q(n) = maxd;(n)
j

which equals the maxima number of subsats of {1,...n} that have the same sum. Findly, define m(n) to be the
largest integer such that dm(n)(n) =q(n).

Lemmal: T /2<=m(n)<=T_-5.

Proof: Thefirst inequality follows from (*). Forn>= 4, d, d;, d,, ds, d,, d; = 1,1,1,2,2,3. Since dg(n) > dj (n)
for0<=j <=4, (*) givesd; _5(n)>d; _j(n) for 0 <=j <= 4, which meansthat m(n) isat most T, - 5.

Lemma2: Letn>=6and1<=j<=n. Thereareat least two subsets of {1...n} that add to m(n) and contain j.

Proof: The number of subsets of { 1...n} that add to m(n) and contain j isthe coefficient of XM in the
polynomid

n
P(n,j) = (2+d) 1 IT (@+x)
i=1

We prove by induction on n that this coefficient isadways at least 2.

By Lemma 1, it is necessary to show that the coefficients of X" inP(n,j) are at least 2 for T/2<=rj<=T,-50r
T /2-]<=r<=T,-5-].If agiven P(n,) sttisfies thiswe say that P(n,]) has property P.

Thelemmaistrue for n=6 snce the coefficients of P(n,j) are

101112222323222211101
11012222233222221011
1111123322233211111
111212323323212111
11122233233222111
1112233333322111

o o
oahwnR

and each of these (asindicated by the boldface numbers) has property P.
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Now consider two cases:

Casel:j <= 6. Wehave

n

P(n,j) = P(6,j) TT (14+x)
i=7

Weknow P(6, j) has property P (see table above), and multiplying by each factor i in the product is equivadent to
shifting the vector of coefficientsto theright by i places and adding to the origind. This preserves property P.

Casell:j > 6. Inthis case we gart with

6
IT (2+x)
i=1

which has coefficients 1112234445555444322111 and satisfies property P. Again, multiplying this by the
remaining (1+x') will preserve property P.

Lanma 3 dn,.(n_l)(n) = dn,,(n_l)(n'l) + dn(n'l)'n(n-l)'

Proof: Since
n n-1
IT @+x)= 2+ IT (1+x)
i=1 i=1

it follows from the definition of dj (n) that dj (n) = dj (n-1) + dj_n(n-l). Thelemmafollows by setting j = m(n-1).

Lemma4: For n>= 10, q(n-1) > 2n.

Proof: Condder the equation of Lemma 3. The left-hand side is no larger than g(n). The firgt term on the
right-hand Sdeis q(n-1). The second term is at least 2, because Lemma 1 saysthat m(n-1)-n>=T_,/2 - n, the

right-hand Sde of whichisat leest 3 (if n >= 7), and dj (n)isatleast 2if j isat least 3. Therefore, q(n) >=
q(n-1)+2.

Now note that the values of q(n), Sarting with n=5, are:
3,5, 8,14, 23, 40, 70, 124, 221, 397, ...

which is sequence A25591 in [6]. Since q(10-1) = 23 > 2...10, the lemmais true for n=10. Using q(n) >=
g(n-1)+2 and induction on n completes the proof.
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We can now prove Theorem 3 by induction. Firdt, it istrue for n < 10 by direct construction by computer. We
can congtruct (n,K) basic magic carpets for 3 <= k <= q(n-1) by taking an (n-1,k) carpet and appending n to each

subset. By Lemma4, this gives carpetsfor 3 <=k <= 2n.

Next, we congtruct an (n,k) basic magic carpet with k = 2n and magic congtant m(n). For each j, 1 <=j <=n, we
find two subsets which add to m(n) and contain j, which is possible by Lemma 2. We can add any number of

additional subsets and 4till have abasic magic carpet, thus producing basic (n,k) carpets for 2n <= k <= g(n), and
completing the proof.

Numerical Results

Table 1 showsdl vaues of B(n,k) up to n=8, determined by computer cdculation. Theinitid vaues of B(n),
dating with n=5, are 1, 10, 271, 36995, ... (sequence A55055).

11 [12 [13[14|Total

LI 4

[ 0

e

. k=384 5 |6 7 |8 |9 |0

eyl ol L

Lol 204 4 | I I I I |

7| 2/ 23| 98|15 3 5 | | |
8| 61121300 5570 |10090 (9907 (6240 |2739 840

170[20 | 136995

Table 1. The values of B(n,k) for small indices.

Table 2 ligs dl the basic carpets for smdl vaues of n and k. For each carpet, the magic sum and the ementsin
each subset are listed (in a compact format: 1234 means{1,2,3,4}).

(n,
(5,
(6,

(6,

(6,

(7,

(7,

k)
3)
3)

4)

5)

3)

4)

Sum

10
14
15
11
12
14
15

10
11
12
19
21
14
15
15
15
15
15
16
16
16

Subset s

1234 235 145

2345 1346 1256

12345 2346 1356

1235 245 236 146
1245 345 1236 246
2345 1346 1256 356
12345 2346 1356 456
234 135 45 126 36
1234 235 145 136 46
1235 245 236 146 56
1245 345 1236 246 156
13456 12457 12367
123456 23457 13467
1256 356 1247 347
2346 1356 1347 1257
2346 456 1347 1257
12345 1356 1347 267
12345 456 1347 267
12345 2346 1257 267
12346 2356 2347 1357
12346 1456 2347 1357
12346 2356 1357 457
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(8,3)

Table 2. The non-isomorphic basic magic carpets for small (n,k).

17
17
17
17
17
17
17
18
18
18
19
19
21
21
24
24
25
25
28
28

12356 2456 12347 2357
12356 2456 12347 1457
12356 2456 12347 1367
2456 12347 2357 1367
12356 2456 12347 467
12356 12347 2357 467
12356 12347 1457 467
12456 3456 12357 1467
3456 12357 2457 1467
12456 3456 12357 567
13456 12457 3457 12367
13456 12457 12367 1567
123456 23457 13467 12567
123456 23457 13467 3567
123567 14568 23478
123567 123468 4578
124567 123568 123478
34567 123568 123478
1234567 234568 134578
1234567 134578 25678
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The (5,3) carpet was shown graphicaly in Figure 3. The (6,3), (6,4), (6,5), and (7,3) carpets are depicted in
Figure 4 (in the same order they arelisted in Table 2).

(6,3):

NAVAY

(6.4)
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Figure 4. The distinct basic magic carpets for n=6 and (n,k) = (7,3).

These figures show just one way of diagramming each magic carpet (in this case, primarily using circlesand
elipses). The question of how best to visudize acarpet is primarily an aesthetic one.

Thefirg (6,3) carpet in Figure 4 (one of the "magic cirde" figures shown in [5]) isthe smalest onethat is both
smooth and balanced, and aso the smallest one with a high degree of symmetry (sx-fold).

Since many well-known magic structures (such as magic squares and stars) are either smooth and/or balanced, it is
of interest to enumerate just the smooth or balanced basic carpets. Table 3 shows the number of smooth basic
carpetsfor dl (n,k) up to n=9. The last column is sequence A55056.

k=345 6 78 |9 [10 111121131415 Total
oes| o[ L [ PP J «
Lol A T [P if ] «
L7l 2l J2Rlaf [ [ TT1] | =
| 8 2[4 |o[|uf 8[12| [ [1] | 55
| 9 3[ 19010/ | |s48/156| | 2| | |568/1306

Table 3. The number of smooth basic (n,k) magic carpets up to n=9.

In this table, empty cellsindicate that there are no smooth carpets for that (n,k). (There are a'so none for n=9 and
k > 15). Some of these missing (n,k) values are explained by:

Theorem 4: (n,K) basic balanced carpets can exist only if there existsa2 <=t <= k with

t..T. =0 (modk).

Proof: Since each ement of Sappears exactly t timesin the union of dl the subsets, the sum of dl dements of the
subsetsist...T . Thismeansthat the magic constant ist... T, /k, which must be an integer, and so the theorem

follows.

For example, for n=9 smooth carpets cannot exist, by Theorem 4, for k = 13, 14, 16, 17, 19, 22, and 23.
However, this theorem does not predict all inadmissable k values - Table 3 dso gives zerosfor k=4, 7, 8, 11,
18, 20, and 21. A complete characterization of which (n,k) pairs permit smooth basic carpets remains an open
problem.

The largest k value which admits a smooth carpet (for n=5, 6...) is 3, 3, 8, 14, 15... (sequence A55057).
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Table 4 givesthe number of balanced basic carpets for dl (n,k) up to n=9 (last column is sequence A55605).

| lk=3la |5 o
GENN
dEEE
o 15z s 4 1 |
9| 2[10(73 (343699688 (367 118 [22| 22324

Table 4. The number of balanced basic (n,k) magic carpets up to n=9.

The largest k value which admits a smooth carpet (for n=6, 7,...) is 3, 5, 8, 12, 20, 32, 58, 94, 169, 289...

(sequence A55606).
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All baanced carpets up to n=8 are listed in Table 5.

(n, k)

(6,3)
(7,3)
(7,4)
(7.5)

(8,3)
(8,4)

(8,5)

(8,6)

Sum

14
19
15
12
16
25
18
20
21
22
27
16
16
17
17
18
18
18
20
21
21
22
22
13
16
16
16
16
16
17
17
17
18
18
18

Subse

ts

2345 1346 1256
13456 12457 12367

2346 1356 1347 1257
345 246 156 237 147
2356 1456 2347 1357 1267

124567 123568 123478

2367 1467 2358 1458
13457 12467 12458 12368
23457 12567 13458 12468
23467 13567 23458 12478
234567 134568 124578 123678

2356
1456
2456
2456
3456
3456
3456
23456
23457
13467
23467
23467

2356
2356
2356
2356
1456
2456
2456
2456
3456
3456
2457

2347
1357
2357
1457
2457
2367
2457

13457
13467
12567
13567
13567
346 256 247

1456
1456
1456
2347
2347
2357
2357
2357
2457
2457
2367

1267
1267
1367
1367
1467
1467
2367

2347
2347
1357
1357
1357
1457
1457
1457
2367
2367
1467

12467
12567
13458
23458
23458
157 238

1348
1348
2348
2348
2358
2358
1458

1357
1267
1267
1267
1267
1367
1367
2348
1467
1467
2358

1258
1258
1358
1358
1458
1458
1368

12458
13458
12468
13468
12568

148

1348
1348
1348
1348
1348
2348
2348
1358
2358
1458
1458

12368
12468
12378
12478
12478

1258
1258
1258
1258
1258
1358
1268
1268
1458
1368
1368
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(8,7)

(8,8)

18
21
22
16
17
18
18
18

3456 2457 2367 1458 1368 1278
23457 13467 12567 13458 12468
23467 13567 23458 13468 12568
2356 1456 2347 1357 1267 1348
2456 2357 1457 1367 2348 1358
3456 2457 2367 1467 2358 1458
3456 2457 2367 1467 1458 1368
3456 2457 2367 1467 2358 1458

Table 5. All balanced basic carpets up to n=8.
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12378
12478
1258
1268
1368
1278
1368 1278

Findly, Table 6 gives the number of smooth and balanced basic carpets up to n=9, and Table 7 lists them

explicitly.

(n, k)
(6,3)
(8,4)
(8,6)
(8,8)
(9,3)
(9,6)

(9,9)

| lk=3/4[s|6]7[8 9| Total
sl o LD 2
7l CHOHOEE o
8l 2 2 2] s
o [Tl le™ o

Table 6. The number of smooth-and-balanced basic (n,k) magic carpets up to n=9.

Sum

14
18
27
18
18
18
30
15
30
20
20
20
25
25
25

Subset s

2345 1346 1256

2367 1467 2358 1458

234567 134568 124578 123678
2457 2367 1467 2358 1458 1368
3456 2457 2367 1458 1368 1278
3456 2457 2367 1467 2358 1458
234678 125679 134589

357 267 348 168 249 159

1368 1278

234678 135678 234579 125679 134589 124689

2567 3458 1568 2378 1478 2459
3467 2567 3458 1568 1478 2459
3467 2567 3458 1568 2378 2459
24568 23578 14578 13678 23569
34567 24568 14578 13678 23569
34567 24568 23578 13678 14569

2369 1469 1379
2369 1379 1289
1469 1379 1289
14569 23479 12679 13489
23479 12679 13489 12589
23479 12679 13489 12589

Table 7. All basic basic carpets that are both balanced and smooth, up to n=9.

Note that these gppear in dua pairs, unless (a) oneisasdf-dud, like thefirst (8,4) example, or (b) the dud isnot
a 2-cover, like the second (8,4) example.
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