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| ntroduction

Theidentity 13+ 28+ ... +n3=(1+2+...+n)2tellsusthat 1 square of side 1,
2 sguares of side 2, 3 squares of side 3, up to n squares of side n have the same
total areaas a square of side a. It is natural to ask whether the smaller squares can
be packed without overlap inside the larger square. The smallest non-trivial
packing isfor n=8.

In general, we define the partridge number of a shape Sisthe smallest value of n
> 1 sothat 1 copy of S, 2 copiesof Sscaled by afactor of 2, up to n copiesof S
scaled by afactor of a, can be packed without overlap inside a copy of S scaled
by afactor of a. Thus the partridge number of the squareis 8. Thiswas first
verified by Bill Cutler, who found all 2332 different packings. Packings were also
found independently by Bill Cutler, William Marshall, Michael Reid, Nob

Y oshigahara, and the first author.
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Figure 1. Partridge packing of squares of size 1 through 8

We present the partridge number of several other shapes, including rectangles,
triangles, and trapezoids. Most of these were found by the first author using a
computer packing program that he wrote 15 years ago in C. The algorithm uses
straight backtracking that exploits possible symmetries of the smallest piece. By
running on the equivalent of four 850 MHz machines, it finds an optimal tiling
every few days. All results not otherwise attributed are due to the first author.

Rectangles

In 1996, Bill Cutler found that the partridge number of a 2x1 rectangleis 7, and
that the partridge number of a 3x1 rectangleis 6.
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Figure 3. Partridge packing of 3x1 rectangles of size 1 through 6

The partridge number of a4x1 rectangleis?.

Figure 4. Partridge packing of 4x1 rectangles of size 1 through 7

The partridge numbers of a 3x2 rectangle and a4x3 rectangle are also 7.
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Figure 6. Partridge packing of 4x3 rectangles of size 1 through 7

The partridge numbers of a5x1 rectangle and a 5x2 rectangle are 8. We can get
such packings by stretching a partridge packing of the square horizontally, but
there are other partridge packings as well.

For the same reason, the partridge number of any rectangle is no more than 8. By
shearing these rectangles, we see that the partridge number of parallelograms are
also no more than 8. We conjecture that the partridge numbers of all other
parallelograms are indeed 8. We also conjecture that rectangles are the only
polyominoes with finite partridge numbers.
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Triangles

An equilateral triangle has partridge number 9. A packing was first found by
William Marshall, and the first author confirmed this was the smallest possible.
Thisimpliesthat al triangles have partridge number no more than 9.

Figure 7. Partridge packing of equilateral triangles of size 1 through 9

A 300° right triangle has partridge number 4.

Figure 8. Partridge packing of 30° right triangles of size 1 through 4
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A 459 right triangle has partridge number 8.
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Figure 9. Partridge packing of 459 right triangles of size 1 through 8

Wethink it islikely that other triangles have small partridge numbers but not
have been able to find any others.

Trapezoids

A triamond (the union of 3 identical equilateral triangles) has partridge number 5.
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Figure 10. Partridge packing of triamonds of size 1 through 5

Michael Reid found an infinite family of trapezoids (any horizontal shear of the
union of 3 identical right triangles with legs 3 and 8) with partridge number 4.
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Figure 11. Partridge packings of trapezoids of size 1 through 4

The second author found an infinite family of trapezoids (any horizontal shear of
the union of 3 identical right triangles with legs 1 and 2) with partridge number 6.
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Figure 12. Partridge packings of trapezoids of size 1 through 6
Open Questions
1. What other rectangles have partridge number less than 8?
2. What other triangles have partridge number |ess than 9?
3. What other trapezoids have finite partridge number?
4. |sthere a non-convex shape with finite partridge number?

5. Is there a shape with partridge number 2, 3, or more than 9?
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