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I ntroduction

Spiral Galaxies puzzles are pencil and paper puzzles which originated in Japan. Each
puzzle consists of agrid of squares, and a collection of circles which are the centers of
rotationally symmetric polyominoes which tilethe grid. The puzzleisto determine the
unique tiling with those centers. An example of a Spiral Galaxies puzzle and its solution
are shown in Figure 1.
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Figure 1. A Spiral Galaxies puzzle (left) and its solution (right)

We will show that the question of whether or not a given Spiral Galaxies puzzle has a
solution is NP-complete. To do so, we construct Spiral Galaxies puzzles which
correspond to arbitrary Boolean circuits. A circuit will be satisfied, (that is, have a set of
inputs which give the desired outputs) if and only if the corresponding puzzle has a
solution. Since Satisfiability is the canonical NP-complete problem [4], thiswill show that
Spiral Galaxies puzzles are NP-hard. We complete the proof by showing that a solution to
a Spiral Galaxies puzzle can be checked in polynomial time. Similar approaches to
proving puzzles are NP-complete are taken in [1-3, 5-10].

To build acircuit, we first need wires capabl e of transmitting asignal of either TRUE or
FALSE, variables which can take on either truth value, and outputs that force a particul ar
truth value. Second, we need to construct logical gates: NOT, AND, and OR gates.



Finally, we need away of duplicating asignal, away to allow wiresto cross, and away to
shift the wires so that the gates can be connected correctly. From these building blocks,
any given Boolean circuit can be constructed using Spiral Galaxies components.

Wires, Variables, and Outputs

Our wireswill be rectangles of height 2 with a circle in the center of the wire between two
squares every 3 units. Wires will aways be horizontal, and signals will always travel from
left to right. A wire carriesthe value TRUE if the local solution contains 2x3 rectangles,
and the value FAL SE if the local solution alternates 2x1 rectangles with 2x5 rectangles
(seeFigure 2).

Figure 2. Wires carrying signals of TRUE (left) and FAL SE (right)

The variables are configurations at the start of wires whose only local solutions force a
TRUE or FALSE signal inthewire. Our variables are shown in Figure 3.

Figure 3. Variables taking the values TRUE (left) and FAL SE (right)

To force a particular truth value in an ouput wire, we simply terminate the wire at the
appropriate point, asin Figure 4.

Figure 4. Outputs forcing values of TRUE (left) and FALSE (right)

NOT, AND, and OR Gates



Our NOT gateistwo circlesthat are distance 2 apart, as shown in Figure 5.

Figure 5. NOT gates turning TRUE into FAL SE (left) and FALSE into TRUE (right)

Our AND gateis shown in Figure 6. The inputs are on the top left and the output is on the
bottom right. The rest of the local solution isforced by the inputsin each of the four
cases. An OR gate can made from combining NOT gates with an AND gate.
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Figure 6. Thefour possible states of the AND gate



Crossing, Splitting, and Moving Wires

The configuration that allows two signalsto crossis shownin Figure 7.

Figure 7. A TRUE signal crossing aFALSE signal

The configuration that duplicates asignal is shown in Figure 8. The input ison the top left
and the outputs are on the right.
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Figure 8. Duplicating a TRUE signal (left) and a FALSE signal (right)



A configuration to shift asignal one unit in any direction without changing the signal is

shown in Figure 9.

Figure 9. Shifting wires containing a TRUE signal (left) and a FALSE signal (right)

Spiral Galaxies puzzles are usually posed in rectangles (see Figure 1), but the circuit we
have built from our wires and gates will only be some subset of arectangle. Thiscan be

remedied by placing acirclein every grid square that is not part of our circuit. All the
elements of our gates and wires are far enough apart that these additional circles allow
only thetrivial local solution. For example, asmall circuit to be tested for Satisfiability

and the corresponding solved Spiral Galaxies puzzle are shown in Figure 10.

oooooooooooo
o R o|lolo|o|lo|o]lo|o
o o olo
o
ololo|o|lo|lo]lo]o o o
o ololo|o|lo|lo]lo]o o o
' AND True o o o ololol|o
’)7
' oo o|lololo|lo|lo]lo|o
o|lololo]o]o oooo
ololololo]o o R
ololo|olo]lo]o
o o
ololo|o]lo]o ololo

Figure 10. An unsolved circuit (left) and its solved Spiral Galaxies puzzle (right)

Polynomial Time Checking

Assume that we are given apotential solution to a Spiral Galaxies puzzle asalist of grid
sguares in each polyomino. To verify that it isindeed a solution, for each grid square we
need to find the location of the circle within the same polyomino, and determine whether




the reflection of the grid square about the circle is in the same polyomino. Thisisclearly
polynomial in the number of circles and the number of grid squares. Thus, in addition to
being NP-hard, the problem of determining whether a Spiral Galaxies puzzle has a
solution is NP-complete.
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